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STOCHASTIC INTEGRALS WITH RESPECT TO A LÉVY PROCESS AND STOCHASTIC 
DERIVATIVES ON SPACES OF REGULAR TEST AND GENERALIZED FUNCTIONS 
The extended (Skorohod) stochastic integral with respect to a Lévy process and the corresponding Hida stochastic 
derivative on the space of square integrable random variables 2( )L  have many applications in the stochastic analysis, 
in particular, in the theory of stochastic differential and integral equations. But sometimes (for example, in order to 
consider so-called normally ordered stochastic equations) it is convenient to introduce and study these operators on 
certain spaces of test and generalized functions or on spaces of some riggings of 2( )L . In particular, in this case 
there is a possibility to define the above mentioned operators as continuous ones, to study its interconnection with 
the so-called Wick calculus etc. In this paper, using the theory of Hilbert equipments, we introduce and study the  
extended stochastic integrals with respect to a Lévy process and the Hida stochastic derivatives as linear continuous 
operators on spaces of a so-called parameterized regular rigging of 2( )L . This gives a possibility to extend an area of 
applications of these operators. 
Introduction 
Denote : [0, )R+ = +∞ . Let ( )t t RL L +∈=  be a 
Lévy process, i.e., a random process on R +  with 
stationary independent increments and such that 
0 0L =  (e.g., [1]). In particular cases, when L  is a 
Wiener or Poisson process, any square integrable 
random variable can be decomposed in a series of 
repeated stochastic integrals from nonrandom 
functions with respect to L . This property of L , 
known as the chaotic representation property (CRP) 
(e.g., [2]), plays a very important role in the sto-
chastic analysis. In particular, it can be used in or-
der to construct extended stochastic integrals, see, 
e.g., [3]. Unfortunately, for a general Lévy process 
the CRP does not hold (e.g., [4]). 
There are different generalizations of the CRP 
for Lévy processes (see, e.g., [5—8]). In this paper 
we deal with the Lytvynov’s generalized CRP [5] 
that is based on orthogonalization of continuous 
monomials in the space of square integrable ran-
dom variables. Using this generalized CRP, one 
can construct the extended (Skorohod) stochastic 
integral with respect to L  and the corresponding 
conjugate operator — the Hida stochastic derivative 
on the mentioned space [8]. Unfortunately, by 
building these operators are unbounded, this leads 
to some problems with their applications. In the 
paper [9] the extended stochastic integral with re-
spect to a Lévy process and the corresponding 
Hida stochastic derivative were introduced as linear 
continuous operators on the space of square inte-
grable random variables with values in suitable 
spaces of generalized functions. But sometimes it 
can be convenient to introduce stochastic integrals 
and derivatives as operators on certain spaces of 
test and generalized functions (for example, in or-
der to study so-called normally ordered stochastic 
equations). In this paper we introduce such opera-
tors and study some their properties. 
Problem definition 
The aim of this paper is to introduce the ex-
tended (Skorohod) stochastic integral with respect 
to a Lévy process and the corresponding Hida sto-
chastic derivative on spaces of a so-called para-
meterized regular rigging of the space of square in-
tegrable random variables; and to study some prop-
erties of these operators. 
Preliminaries 
In this paper we deal with a real-valued lo-
cally square integrable Lévy process L  without 
Gaussian part and drift. As is well known, the 
characteristic function of L  is  
 [ ] exp[ ( 1 ) ( )]tiuL iuxRE e t e iux dx= − − ν∫ , (1) 
where ν  is the Lévy measure of L , E  denotes the 
expectation. We assume that ν  is a Radon measure 
whose support contains an infinite number of points, 
({0}) 0ν = , there exists 0ε >  such that 
2 | | ( )x
R
x e dxε ν < ∞∫ , and 2 ( ) 1R x dxν =∫ . 
Let us define a measure of the white noise of 
L . Let D  denote the set of all real-valued infi-
nite-differentiable functions on R +  with compact 
28 Наукові вісті НТУУ "КПІ" 2013 / 4 
 
supports. As is well known, D  can be endowed by 
the projective limit topology generated by some 
Sobolev spaces (see, e.g., [10]}). Let D ′  be the set 
of linear continuous functionals on D . For D ′ω∈  
and Dϕ ∈  denote , : ( )〈ω ϕ〉 = ω ϕ ; note that one 
can understand ,〈⋅ ⋅〉  as the dual pairing generated 
by the scalar product in the space 2( )L R +  of 
square integrable with respect to the Lebesgue 
measure real-valued functions on R + . The nota-
tion ,〈⋅ ⋅〉  will be preserved for dual pairings in ten-
sor powers of spaces. 
A probability measure μ  on ( , ( ))D C D′ ′ , 
where C  denotes the cylindrical σ-algebra, with 
the Fourier transform  
, ( )i
D
e d〈ω ϕ〉′ μ ω =∫  
 ( )exp[ ( 1 ( ) ) ( )],i u x
R R
e i u x du dx
+
ϕ
×= − − ϕ ν∫  (2) 
Dϕ ∈ , 
is called the Lévy white noise measure. 
We reckon that the σ-algebra ( )C D ′  is aug-
mented with respect to μ . Denote 2 2( ) : ( ,L L D ′=  
( ), )C D ′ μ  the space of real-valued square integrable 
with respect to μ  functions on ;D ′  let also 
2: ( )H L R += . Let f H∈  and a sequence 
( )k k ND ∈ϕ ∈  converge to f  in H  as k → ∞ . One 
can show ([5,11,8]) that 2, : ( ) lim , k
k
f L
→∞
〈 〉 = − 〈 ϕ 〉o o  
is well-definite as an element of 2( )L . Let us con-
sider 2[ 0, ),1 ( )t L〈 〉 ∈o , t R +∈  (here and below 1A  
denotes the indicator of a set A ). It follows from 
(1) and (2) that [0, )( ,1 )t t R +∈〈 〉o  can be identified 
with a Lévy process L . 
Consider the Lytvynov’s generalization of the 
CRP (see [5] for details). Denote by ⊗)  the sym-
metric tensor product. For : {0}n Z N+∈ = U  set 
( ) ( )
0
: ( ) , | , , .
m
k k k k
n
k
P x x x D D m n⊗ ⊗
=
⎧ ⎫⎪ ⎪′= ϕ = 〈 ϕ 〉 ∈ ϕ ∈ ≤⎨ ⎬⎪ ⎪⎩ ⎭∑
)
Denote by nP  the closure of nP  in 
2( )L . Let             
for n N∈  Pn  be defined from the condition 
1Pn n nP P −= ⊕ , 0 0P : P= . Let ( )n nf D ⊗∈
)
, n Z +∈ . 
Denote by ( ): , :n nf⊗< >o  the orthogonal projec-
tіon of a monomial ( ),n nf⊗〈 〉o  onto Pn . Let us 
define scalar products ext,〈⋅ ⋅〉  on nD⊗
)
, n Z +∈  
( 0( : )D R⊗ =) ), by setting for ( ) ( ),n n nf g D ⊗∈ )  
ext
( ) ( )
( ) ( )
, :
1: : , :: , : ( ),
!
n n
n n n n
D
f g
f g d
n
⊗ ⊗
′
〈 〉 =
= < ω > < ω > μ ω∫  
and let ext| |⋅  be the corresponding norms. Denote 
by ext
( )nH , n Z +∈ , the completions of nD ⊗
)
 with 
respect to the norms ext| |⋅ . 
Theorem 1 ([5]). Let 2( )F L∈ . Then there 
exists a unique sequence of kernels ext
( ) ( )n nf H∈ , 
n Z +∈ , such that 
 ( )
0
: , :n n
n
F f
∞ ⊗
=
= 〈 〉∑ o  (3) 
and  
ext
2
2 2
( )
2 ( ) 2
0
| | || ||
| ( ) | ( ) ! | | .
L
n
D
n
E F F
F d n f
∞
′ =
= =
= ω μ ω = ∑∫
 
One can show ([5, 8]) that ext
(1)H H=  and for 
\{1}n N∈  one can identify nH ⊗)  with the proper 
subspace of ext
( )nH  that consists of “vanishing on   
diagonals” elements. In this sense the space ext
( )nH  
is an extension of nH ⊗
)
. 
Finally, for q Z +∈  and [0,1]β ∈  define 
2 2( ) ( )qL L
β ⊂  as a Hilbert space that consists of 
elements of form (3) for which 2
2
( )
|| ||
qL
F β =  
ext
1 ( ) 2
0
( !) 2 | |qn n
n
n f
∞ +β
=
= < ∞∑ . Let 2( ) qL −β−  be the 
Hilbert space of generalized functions that is dual 
of 2( )qL
β  with respect to 2( )L , i.e., 2( ) qL
−β
−  is the 
negative space of the chain 2 2 2( ) ( ) ( )q qL L L
β −β
−⊂ ⊂ . 
This space consists of formal series of form (3) 
with ext2
2 1 ( ) 2
( )
0
|| || ( !) 2 | |
q
qn n
L
n
F n f−β
−
∞ −β −
=
= < ∞∑ . The 
chain constructed above is called parameterized 
regular rigging of the space 2( )L . 
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An extended stochastic integral 
The extended (Skorohod) stochastic integral 
on the space 2( )L H⊗  is constructed in [8] as a 
linear unbounded operator with values in 2( )L  and 
is generalized in [9] to a linear bounded (i.e., con-
tinuous) operator with values in 2 01( )L − . We recall 
briefly its construction. Let 2( )F L H∈ ⊗ . By (3) 
F  can be uniquely presented in the form 
 ( )
0
( ) : , :n n
n
F f
∞ ⊗
⋅
=
⋅ = 〈 〉∑ o , ext( ) ( )n nf H H⋅ ∈ ⊗ . (4) 
For the kernel ( )nf ⋅ , n N∈ , we select a rep-
resentative (a function) ( ) ( )n nf f⋅ ⋅∈&  such that 
( )
1( ,..., ) 0
n
u nf u u =&  if for some {1,..., }k n∈  ku u= . 
Let ( )nf%  be the symmetrization of ( )nf ⋅&  by 1n +  
variables. Define ext
( ) ( 1)n nf H +∈)  as the equivalence 
class in ext
( 1)nH +  generated by ( )nf% . It is proved in 
[8] that ( )nf
)
 is well-definite and  
 
ext
ext ( )
( ) ( )| | | | n
n n
H H
f f ⋅ ⊗≤
)
. (5) 
For 2( )F L H∈ ⊗  we define an extended sto-
chastic integral 2( ) ( )uR F u dL L+
∈∫ )  by the formula 
 1 ( )
0
( ) : : , :n nuR
n
F u dL f
+
∞ ⊗ +
=
= 〈 〉∑∫ ) )o ,  (6) 
where (0) (0):f f ⋅=
)
. The domain of this integral, 
i.e., of the operator 2 2( ) : ( ) ( )uR u dL L H L+
⊗ →∫ )o , 
consists of 2( )F L H∈ ⊗  such that 22( )|| ( ) ||u LRF u dL+ =∫
)
 
ext
( ) 2
0
( 1)! | |n
n
n f
∞
=
= + < ∞∑ ) . Further, for 1 2,t t ∈  
[0, ]∈ +∞ , 1 2t t< , set 
 2
1 21
[ , )( ) : 1 ( )( )
t
u t t ut R
F u dL u dLF u
+
=∫ ∫) ) .  (7) 
It is shown in ([8]) that if 2( )F L H∈ ⊗  is 
integrable by Itô then for any 1 2, [0, ]t t ∈ +∞ , 
1 2t t< , F  is integrable on 1 2[ , )t t  in the extended 
sense and 2 2
1 1
( ) ( )
t t
u ut t
F u dL F u dL=∫ ∫) , where the 
last integral is the Itô one. 
Let, as above, q Z +∈  and [0,1]β ∈ . For 
2( ) qF L H
−β
−∈ ⊗ , 1 2, [0, ]t t ∈ +∞ , 1 2t t< , we define 
the extended stochastic integrals ( ) ,uR F u dL+∫
)
 
2
1
2
1( ) ( )
t
u qt
F u dL L −β− −∈∫ )  by formulas (6) and (7)        
respectively. Note that one can understand 
( ) uR F u dL+∫
)
 as a particular case of 2
1
( )
t
ut
F u dL∫ )  
with 1 0t =  and 2t = +∞ . Further, since 2 1( )qL β+ ⊗  
2( )H L H⊗ ⊂ ⊗ , one can consider the linear ope-
rator 2
1
2 2 2
1( ) : ( ) ( ) ( )
t
u qqt
u dL L H L Lβ β+ ⊗ → ⊂∫ )o . 
Theorem 2. The operators 2
1
2( ) : ( )
t
u qt
u dL L −β− ⊗∫ )o  
2
1( ) qH L
−β
− −⊗ → , 2
1
2 1 2 1( ) : ( ) ( )
t
u q qt
u dL L H L− −− −⊗ →∫ )o  
and 2
1
2 2
1( ) : ( ) ( )
t
u qqt
u dL L H Lβ β+ ⊗ →∫ )o  are linear 
continuous ones. 
One can obtain this result by direct calculation 
of norms of the integrals with use of estimate (5). 
Note that one can naturally define the ope-
rators 2
1
2 2( ) : ( ) ( )
t
u q qt
u dL L H L−β −β− −⊗ →∫ )o  ( 1)β < , 
2
1
2 2( ) : ( ) ( )
t
u q qt
u dL L H Lβ β⊗ →∫ )o  as linear unboun-
ded ones with the domains given by the condition: 
the result of integration belongs to 2( ) qL
−β
−  (cor-
respondingly to 2( )qL
β ). 
A Hida stochastic derivative 
Let ext
( ) ( )n ng H∈ , n N∈ . It is shown in [8] 
that ( )ng  can be considered as an element ( )( )ng ⋅  
of ext
( 1)nH H− ⊗  (but ext ext( ) ( 1)n nH H H−⊄ ⊗  because 
different elements of ext
( )nH  can coincide as ele-
ments of ext
( 1)nH H− ⊗ ), and 
 
ext
ext( 1)
( ) ( )| ( ) | | |n
n n
H H
g g− ⊗⋅ ≤ . (8) 
Let q Z +∈ , [0,1]β ∈ , 1 2, [0, ]t t ∈ +∞ , 1 2t t< . 
For 2( ) qG L
− β
−∈  (correspondingly 2 1( )qG L β+∈ ) we 
define a Hida stochastic derivative 
1 2[ , )
1 ( )t t G⋅⋅ ∂ ∈  
2
1( ) qL H
− β
− −∈ ⊗  (correspondingly 1 2[ , )1 ( )t t G⋅⋅ ∂ ∈  
2( )qL H
β∈ ⊗ ) by setting  
1 2 1 2
( 1)
[ , ) [ , )
0
1 ( ) : ( 1) : , ( )1 ( ) :n nt t t t
n
G n g
∞ ⊗ +
⋅
=
⋅ ∂ = + 〈 ⋅ ⋅ 〉∑ o , 
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where ext
( 1) ( 1)n ng H+ +∈  are the kernels from decom-
position (3) for G , in point as elements of 
ext
( )nH H⊗ . 
Theorem 3. The operators
1 2
2
[ , )1 ( ) : ( )t t qL
−β
⋅ −⋅ ∂ →  
2
1( ) qL H
−β
− −→ ⊗ , 1 2 2 2[ , ) 11 ( ) : ( ) ( )t t qqL L Hβ β⋅ +⋅ ∂ → ⊗  
and 
1 2
2 1 2 1
[ , )1 ( ) : ( ) ( )t t q qL L H⋅⋅ ∂ → ⊗  are linear con-
tinuous ones. 
One can obtain this result by direct calcula-
tion of norms of the derivatives with use of esti-
mate (8).  
Note that one can naturally define the operators 
1 2
2 2
[ , )1 ( ) : ( ) ( )t t q qL L H
−β −β
⋅ − −⋅ ∂ → ⊗ , 1 2 2[ , )1 ( ) : ( )t t qL β⋅⋅ ∂ → 
2( )qL H
β→ ⊗  ( 1β < ) as linear unbounded ones 
with the domains given by the condition: the result 
of differentiation belongs to 2( ) qL H
−β
− ⊗  (corre-
spondingly to 2( )qL H
β ⊗ ). 
Finally, the next statement can be proved by 
analogy with [8]. 
Theorem 4. The following operators are con-
jugated one to another: 
• 2
1
2 2
1( ) : ( ) ( )
t
u q qt
u dL L H L− β − β− − −⊗ →∫ )o  and 
1 2
2 2
[ , ) 11 ( ) : ( ) ( )t t qqL L H
β β
⋅ +⋅ ∂ → ⊗ ; 
• 2
1
2 2
1( ) : ( ) ( )
t
u qqt
u dL L H Lβ β+ ⊗ →∫ )o  and 
1 2
2 2
[ , ) 11 ( ) : ( ) ( )t t q qL L H
−β −β
⋅ − − −⋅ ∂ → ⊗ ; 
• 2
1
2 2( ) : ( ) ( )
t
u q qt
u dL L H L−β −β− −⊗ →∫ )o  and 
1 2
2 2
[ , )1 ( ) : ( ) ( )t t q qL L H
β β
⋅⋅ ∂ → ⊗ ; 
• 2
1
2 2( ) : ( ) ( )
t
u q qt
u dL L H Lβ β⊗ →∫ )o  and 
1 2
2 2
[ , )1 ( ) : ( ) ( )t t q qL L H
−β −β
⋅ − −⋅ ∂ → ⊗ . 
As a corollary, the unbounded integrals and 
derivatives from this theorem are closed operators. 
Conclusions 
In this paper the extended stochastic integrals 
with respect to a Lévy process and the correspond-
ing Hida stochastic derivatives are introduced on 
spaces of the so-called parametrized regular rigging 
of the space 2( )L  of square integrable random 
variables; and the interconnections between these 
operators are established. This gives a possibility to 
extend an area of applications of the mentioned 
stochastic integrals and derivatives. In the forth-
coming papers we’ll consider these operators on 
spaces of another rigging of 2( )L , study the Wick 
calculus and its interconnection with the stochastic 
integration, etc. 
 
1. J. Bertoin, Lévy Processes. UK, Cambridge: Cambridge 
University Press, 1996, p. X+265. 
2. P.A. Meyer, Quantum Probability for Probabilists, Ser. 
Lect. Notes in Math. 1538. Springer-Verlag, 1993,             
p. X+287. 
3. Yu.M. Kabanov and A.V. Skorohod, “Extended stochastic 
integrals”, Proc. School-Symposium Theory Stoch. Proc. 
Vilnus: Inst. Phys. Math., 1975, pp. 123—167.  
4. D. Surgailis, “On 2L  and non- 2L  multiple stochastic in-
tegration”, Lect. Notes in Control and Inform. Sci., vol. 
36, pp. 212–226, 1981. 
5. E.W. Lytvynov, “Orthogonal decompositions for Lévy 
processes with an application to the gamma, Pascal, and 
Meixner processes”, Infin. Dimens. Anal. Quantum 
Probab. Relat. Top., vol. 6, no. 1, pp. 73—102, 2003. 
6. F.E. Benth et al., “Explicit representation of the minimal 
variance portfolio in markets driven by Lévy processes”, 
Math. Finance, vol. 13, no. 1, pp. 55—72, 2003. 
7. J.L. Solé et al., “Chaos expansions and Malliavin calculus 
for Lévy processes”, Stoch. Anal. and Appl., Abel Sym-
posium 2. Berlin: Springer, 2007, pp. 595—612.  
8. N.A. Kachanovsky, “On extended stochastic integrals with 
respect to Lévy processes”, Carpatian Math. Publ., vol. 5, 
no. 2, 2013.  
9. Kachanovsky N.A. Stochastic integral and stochastic de-
rivative connected with a Lévy process // Наукові вісті 
НТУУ “КПІ”. — 2012. —  № 4. — С. 77—81. 
10. Yu.M. Berezansky et al., Functional analysis, Vol. 2. 
Birkhauser, 1996, p. 312. 
11. G. Di Nunno et al., “White noise analysis for Lévy proc-
esses”, J. Funct. Anal., vol. 206, no. 1, pp. 109—148, 2004. 
  
 
Рекомендована Радою                        
фізико-математичного факультету  
НТУУ “КПІ” 
Надійшла до редакції 
16 квітня 2013 року 
